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The N-extended supersymmetric self-dual Poincare´ supergravity equations provide a
natural local description of supermanifolds possessing hyperka¨hler structure. These
equations admit an economical formulation in chiral superspace. A reformulation
in harmonic superspace encodes self-dual supervielbeins and superconnections in
a graded skew-symmetric supermatrix superfield prepotential satisfying generalised
Cauchy-Riemann conditions. A recipe is presented for extracting explicit self-dual
supervielbeins and superconnections from such ‘analytic’ prepotentials. We demon-
strate the method by explicitly decoding a simple example of superfield prepotential,
analogous to that corresponding to the Taub-NUT solution. The superspace we thus
construct is an interesting N = 2 supersymmetric deformation of flat space, having
flat ‘body’ and constant curvature ‘soul’.
1 Introduction
Recently we presented a version [1] of Penrose’s ‘nonlinear graviton’ [2] construction in har-
monic space language. This encodes all self-dual solutions to Einstein equations in an analytic
prepotential in harmonic space [3]. This reformulation of the curved twistor construction yields
a transparent method for the explicit construction of self-dual metrics and connections. In
four dimensions the self-duality equations are well known to be differential equations encod-
ing hyperka¨hlerity conditions and the aim of the present work is to generalise our construction
to N-extended Poincare´ supergravities, yielding hyperka¨hler superspaces having the supergroup
SU(N |2) as the holonomy group. Our method is N-independent, treating all extensions of
self-dual gravity on an equal footing.
Let us recall the N = 0 self-duality constraints which we want to supersymmetrise. In four
dimensional space, the Riemann tensor has spinorial decomposition
[Dβb,Dαa] = ǫabRαβ + ǫαβRab,
with
Rαβ ≡ C(αβγδ)Γ
γδ +R(αβ)(cd)Γ
cd + 16RΓαβ,
Rab ≡ C(abcd)Γ
cd +R(γδ)(ab)Γ
γδ + 16RΓab,
where round brackets denote symmetrisation and, in this spinor notation, C(abcd)(C(αβγδ)) are the
(anti-) self-dual components of the Weyl tensor, R(αβ)(cd) are the components of the tracefree
Ricci tensor, R is the scalar curvature, (Γγδ,Γcd) are generators of the tangent space gauge
algebra. The usual N=0 self-duality conditions for the Riemann tensor, may therefore be written
in spinorial notation in the form of the constraints
Rab = 0 , i.e. [Dβb,Dαa] = ǫabRαβ = C(αβγδ)Γ
γδ , (1)
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where α, β are indices of a local tangent-space su(2) algebra (generators Γγδ), a, b are indices of
a rigid tangent-space su(2) algebra and the covariant derivatives Dαa take values in the former
(local) su(2) algebra. With one of the simple parts of the rotation group thus ‘de-gauged’, the
self-duality of the Riemann tensor is automatic and (1) reduces to conditions for torsion-free
Dαa. (Conversely, self-duality , being equivalent to the vanishing of all curvature coefficients
of the generators Γcd, allows this ‘self-dual gauge’). The curvature and connection thus taking
values in an su(2) algebra, the manifold is manifestly a hyperka¨hler one with holonomy group
SU(2).
To supersymmetrise (1) we consider supercovariant derivatives on N-extended Poincare´ super-
space {Dαa,Dia,D
i
α } and generalise (1) to superfield relations implying superspace constraints
on the vielbeins and connections of Dαa (which now depend on the coordinates of superspace
{(xµa, ϑ¯ma), ϑαm}). We maintain the tangent-space subalgebra labeled by the spinor indices
a, b, ... as a rigid symmetry algebra and m = 1, ..N is the index of the internal automorphism
group of the N-extended Poincare´ supersymmetry algebra
{Diα,Dja} = 2δ
i
jDαa. (2a)
In N-extended superspace, the constraints (1) need to be augmented by further constraints
amongst the supercovariant derivatives. The simplest set of constraints generalising (1) consis-
tent with (2a) is the following set
{Djβ ,D
i
α} = 0 (2b)
[Diβ ,Dαa] = 0 (2c)
{Djb,Dia} = ǫabZij (2d)
[Dib,Dαa] = ǫabWαi (2e)
[Dβb,Dαa] = ǫabRαβ , (2f)
where Rαβ is the standard dimension 2 self-dual Riemann curvature in extended superspace
and Zij ,Wαi are respectively the dimension 1 and dimension
3
2 components of the supercurva-
ture. Note that we consider only terms proportional to the antisymmetric invariant ǫab on the
right of (2), taking precisely the vanishing of all terms not proportional to ǫab, together with the
condition that the superconnections and supercurvatures in (2) do not take values in the rigid
su(2) subalgebra of the tangent-space superalgebra, to be the supersymmetric generalisation of
the self-duality conditions (1). The constraints (2) are the simplest generalisation of (1) con-
sistent with the N−extended Poincare´ supersymmetry algebra, containing the minimal number
of superfields needed to describe the self-dual graviton supermultiplet. They are identical to
the constraints obtained in the ‘ungauged’ limit of those given in [6]. Note that we can treat
any possible extended supersymmetry on the same footing; there is no N-dependence in the
form of these equations. This is a characteristic feature of self-dual (gauge and gravity) theories,
which distinguishes them from their non-self-dual counterparts. As for self-dual supersymmetric
gauge theories [4] our considerations are good for complexified superspace or for real superspaces
with ‘bodies’ of signature (4,0) or (2,2) (with appropriate handling of the latter as a restriction
of complexified superspace). For concreteness however, we shall deal with the real Euclidean
version.
In the next section we show that the above super self-duality constraints take on a more
economical form in chiral superspace, which is amenable to reformulation in harmonic superspace
(section 3). The latter superspace has a special class of local coordinate frames called analytic
frames, in which the local diffeomorphism group preserves an analytic subspace. In section
4 we write down the equations for the analytic frame supervielbeins and superconnections.
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The advantage of the abovementioned reformulation in harmonic superspace is that the non-
zero supercurvature components get rearranged so as to single out some commuting subset of
covariant derivatives. Frobenius’ theorem may then be used to ‘flatten’ the latter subset of
covariant derivatives. In section 5 we discuss the corresponding ‘Frobenius’ gauge, in which
the equations become manifestly soluble in terms of an analytic supermatix of unconstrained
prepotentials (section 6). In section 7 we give a recipe for the extraction of the geometrical data
(supervielbeins and superconnections) from the latter harmonic space data and we conclude
with a simple explicit example (section 8) of our construction.
2 Super self-duality in chiral superspace
The constraints (2) admit an economical reformulation in chiral superspace. Indeed, super-
Jacobi identities involving Djα imply the important condition that the Riemann tensor superfield,
Rαβ , is chiral,
DjγRαβ = 0, (3)
and further, that the superfield curvatures Zij ,Wαi and Rαβ are related to each other thus:
Rαβ =
1
2N
DjβWαj , D
j
βWαi =
1
N
δ
j
iD
k
βWαk, (N − 1)Wαi = D
j
αZij. (4)
This redundancy of the description (2) manifests itself in a local spinorial (i.e. odd) tangent-
space symmetry:
δDia = η
α
i Dαa, δD
i
α = 0, δDαa = 0 (5)
which preserves the forms of (2a-c) and provides the transformation laws
δZij = η
α
[jWαi], δWαi = η
β
i Rαβ, δRαβ = 0. (6)
This symmetry is a novelty for the super self-duality equations (2); it does not exist in the
non-self-dual theory; and allows a very economical reformulation of the constraints (2) in chiral
superspace. Indeed, comparing the above transformations with the algebra (2) and the relation-
ships (4), it is clear that the covariant derivative Djα is actually the generator of these trans-
formations. In other words, the parameter ηαi is just a parameter of ϑ–translations: δϑ
α
i = η
α
i .
Now, the form of the first three constraints (2a-c) actually allows us to use this additional odd
invariance parametrised by ηαi in order to gauge-away all ϑ
α
i –dependences. Namely, (2b) implies
the existence (by Frobenius’theorem) of a chiral basis in which (2a-c) have solution
Diα =
∂
∂ϑα
i
Dia = ∇ia + 2ϑ
α
i ∇αa
Dαa = ∇αa
(7)
where ∇Aa = {∇ia,∇αa} are supercovariant derivatives in chiral superspace with coordinates
zMa = {xµa, ϑ¯ma}. In other words they may be expressed in terms of chiral supervielbeins and
superconnections thus:
∇Aa = E
Mb
Aa (z)
∂
∂zMb
+ ωAa(z) . (8)
The inverse supervielbein defines the differential one-forms
EAa = EAaMbdz
Mb . (9)
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Inserting (7) in (2d-f) yields the following equivalent system of constraints in chiral superspace
:
{∇jb,∇ia} = ǫabRij (11a)
[∇ib,∇αa] = ǫabRαi (11b)
[∇βb,∇αa] = ǫabRαβ, (11c)
where the supercurvature components Rij , Rαj , Rαβ are chiral (i.e. independent of ϑ) superfields;
and we have made the identifications
Wαi = Rαi + 2ϑ
β
i Rαβ, Zij = Rij + 2ϑ
α
[iRαj] + 4ϑ
α
i ϑ
β
jRαβ (12)
which solve (4).
Using a superindex A = (α, i) of the superalgebra su(N |2) having an su(N)× su(2) even part,
where α is an SU(2) spinor index and i is an SU(N) vector index, eq.(3) takes the manifestly
supersymmetric compact form
[∇Bb,∇Aa} = ǫabRAB . (13)
This form displays manifest su(2)×su(N |2) tangent space covariance, of which we maintain the
su(2) factor as a rigid symmetry group, gauging the local su(N |2) symmetry. So the Riemann
supercurvature has components RAB = R
D
ABC Γ
C
D, where Γ
C
D are the generators of the tangent
space superalgebra su(N |2). Since both superconnection and supercurvature take values in this
factor of the tangent space algebra, the holonomy superalgebra is manifestly su(N |2).
In fact the constraints written in this manner reminiscent of N = 0 self-duality may immedi-
ately be generalised to equations describing d > 4 hyperka¨hler superspaces. Generalising the
indices A,B to superindices of osp(N |2m) yields a supersymmetrisation of the type of higher
dimensional self-duality conditions considered in [5]. Together with the proviso that the super-
curvatures and superconnections take values in this local osp(N |2m) algebra (i.e. the remain-
ing su(2) tangent space symmetry remains rigid), these equations provide a local description
of (4m|2N)-dimensional hyperka¨hler superspaces (allowing N independent supersymmetries).
The m = 1 case of osp(N |2) holonomy corresponds to a reduction (symmetry-breaking) of the
presently discussed su(N |2) theory.
The rigidity of the SU(2) factor of the tangent space group is particularly important. It
yields the extra freedom allowing the construction of invariants transforming non-trivially under
this SU(2) (since only the superindices of the local supergroup need to be summed over). In
particular, the three independent complex structures may be constructed from the supervielbein
thus:
(Ik)MaNb = −iE
Ac
Nb(σ
k)dcE
Ma
Ad . (14)
They may easily be seen to satisfy the algebra of the imaginary quaternion units, IkIm =
−δkm + ǫkmnIn, and are covariantly constant in virtue of the zero-supertorsion conditions (13).
Note that in chiral superspace the super self-duality equations have the same super-covariant
form (13), irrespective of whether we start from the the constraints (2) or whether we include
additional gauge fields in the non-chiral formulation [6]. The difference is entirely absorbed in
the transformation to the chiral basis. Although (13) is a less redundant description of super self-
duality than (2), the superfield components of RAB (i.e. Rij, Rαj , Rαβ) are still not independent
of each other, since they satisfy the super Jacobi identities
∇[CaRA)B = 0. (15)
The independent supercurvature components, i.e. the solutions of these super-Jacobi identities,
are the superfield curvatures of the self-dual supergravity multiplet [6]. (We denote graded
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skew-symmetrisation of superindices by [ ), i.e. T[AB) = TAB − (−1)
ABTBA, where we use the
notational convention that each letter appearing in the exponent of (−1) assumes the value 0 or
1 according to whether the corresponding index is even or odd).
In this chiral superspace, the N -extended diffeomorphism supergroup is realised by the chiral
diffeomorphisms
δzMa = τMa(z), i.e. δxµa = τµa(x, ϑ¯),
δϑ¯ia = τ ia(x, ϑ¯),
(16)
where we denote the coordinate of chiral superspace using the superworld index M = (µ,m)
by zMa = {(xµa, ϑ¯ma)}. Since half the rotation group is rigid, the coordinates x, ϑ¯ have only
one world-spinor index, the index a being identified with the corresponding tangent-space in-
dex. Similarly, local su(N |2) tangent transformations also have chiral parameters, τBA (z). The
transformation of the superconnection components
(ωAa)
C
B → (−1)
D(B+E)τDA τ
E
B (ωDa)
F
E(τ
−1)CF − τ
D
A E
Mm
Da ∂Mmτ
E
B (τ
−1)CE (17)
provides covariant transformation rules for ∇Aa (8) as well as for the supercurvature and super-
torsion components (c.f. [7])
ǫabR
D
ABC = E
Mm
Bb ∂Mm(ωAa)
D
C + (−1)
A(F+C)(ωBb)
F
C (ωAa)
D
F
+ (ωBb)
F
A (ωFa)
D
C − (−1)
AB(Aa↔ Bb)
(18)
T CcBb,Aa ∇Cc = E
Mm
Bb ∂MmE
Nn
Aa ∂Nn + (ωBb)
C
A E
Mm
Ca ∂Mm − (−1)
AB(Aa↔ Bb) .
The sign factors in the above definition of the supercurvature are crucial in the proof of covari-
ance.
3 Super self-duality in harmonic superspace
The system (13) has precisely the same form as the N = 0 self-duality conditions except that the
indices α, β of the latter have become superindices A,B. We may therefore reformulate these
equations in harmonic superspace by closely following the treatment of [1]. In suitable local
coordinates the system (13) becomes manifestly soluble. We shall describe the main steps of
our procedure, referring to [1] for details and proofs. The rigid SU(2) tangent-space symmetry
allows us to reformulate (13) in harmonic superspace . Consider S2 = SU(2)
U(1) harmonics [8]
{u±a ; u+au−a = 1, u
±
a ∼ e
±γu±a }, where a is the spinor index of the rigid SU(2) and ± denote
U(1) charges. These harmonics allow us to define a special coordinate system in harmonic
superspace, the central coordinates, {zM± = zMau±a , u
±
a }, which are linear in the harmonics.
Using these we define harmonic superspace covariant derivatives in the central frame thus:
D±A ≡ D
±
A + ω
±
A = u
±a∇Aa, D
++ = ∂++ = u+a
∂
∂u−a
. (19)
The following system in harmonic superspace is equivalent to the super self-duality constraints
(13):
[D+A ,D
+
B} = 0 (20a)
[D++,D+A ] = 0 (20b)
[D+A ,D
−
B} = 0 (modulo RAB) (20c)
[D++,D−A ] = D
+
A , (20d)
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The proof of equivalence in this central basis follows by linear algebra from the requirement
that all the supertorsion constraints implicit in (13) be implied by (20). The central frame (19),
with its characteristic feature that the harmonic derivative D++ is a partial derivative acting
only on harmonics and is connection-less, whereas the derivative D±A , in virtue of (20a), has a
pure-gauge form of connection,
D±A = D
±
A −D
±
Aϕϕ
−1 , (21)
has the privilege of a manifest equivalence, (13) ⇔ (20). The system (20), however, is covari-
ant under diffeomorphisms, allowing a choice of any other local coordinate system {zM± =
zM±(zMau±a , u
±
a ), u
±
a }. It is also covariant under local su(N |2) tangent frame (i.e. supergauge)
transformations under which ϕ in (21) transforms thus:
ϕA˘A → τ
B
A (z
Ma)ϕA˘B , (22)
with local parameters τBA (z
Ma) of the conventional central frame tangent supergroup.
The advantage of reformulating super self-duality in the form (20) is that the self-dual super-
curvature components have now been rearranged so as to make two dimensional flat subspaces
manifest, allowing us to use Frobenius’ theorem in order to make the transformation to another
special coordinate system, the Frobenius coordinates in which the explicit solubility of (20) ac-
tually becomes manifest. Our strategy is to solve (20) in the latter coordinates of manifest
solubility and then to perform a coordinate transformation back to the central coordinates of
manifest (13)⇔ (20) equivalence in order to extract the solution to the original system (2) from
the solution of (20). The central basis therefore acts as a bridge between the original superspace
and harmonic superspace .
The abovementioned ‘Frobenius’ coordinate system belongs to a very useful class of local co-
ordinates for harmonic superspace , namely analytic coordinates or h-coordinates. These are
coordinate systems {zM±h , u
±
a } in which the group of diffeomorphisms preserves an ‘analytic’
subspace in the sense of the following transformation rules
δzM+h = λ
M+(z+h , u) , (23)
while
δzM−h = λ
M−(z+h , z
−
h , u) , (24)
which clearly leave the ‘analytic’ subspace with coordinates zM+h , u
±
a invariant. The coordi-
nate system {zM±h , u
±
a } defines a basis of derivatives covariant under these transformations. In
particular,
D+A → D
+
A˘
= (ϕ−1)A
A˘
(D+Az
M−
h )∂
+
hM ≡ f
M
A˘
∂
∂zM−h
, (25)
where fM
A˘
is a supervielbein. In other words, the h-coordinates as functions of the central ones
need to satisfy the relations
D+Az
M+
h = 0 , (26)
which prevent the appearance of ∂−hM ≡
∂
∂zM+
h
on the right of (25). Then the conditions D+
A˘
Ψ = 0
imply (for invertible vielbein fM
A˘
) the ‘analyticity’ of Ψ, i.e. ∂+hMΨ = 0. This independence of
zM−h is what we mean by ‘analytic’, irrespective of whether our coordinates are taken to be
real or complex. (We take our superspace coordinates zMa, zM±h to be real. The appropriate
conjugation for the harmonics is discussed in the harmonic space literature, e.g. [8])
Further, in order to make this analyticity concept covariant under tangent-space transforma-
tions as well, in (25) we ‘gauge away’ the connection in D+A thus:
D+A → ϕ
−1D+Aϕ = D
+
A (27)
6
and also perform the tangent frame rotation:
D+A → D
+
A˘
= (ϕ−1)A
A˘
D+A .
The analyticity condition D+
A˘
Ψ = 0 is then manifestly covariant under the local analytic trans-
formations
ϕB˘B → ϕ
A˘
Bλ
B˘
A˘
(z+Mh , u) , (28)
with local parameters λA˘
B˘
(z+Mh , u) of the analytic frame tangent supergroup. The matrix ϕ there-
fore transforms under local supergauge transformations according to two distinct realisations of
su(N |2) ((22) and (28)); so ϕ clearly plays the role of a ‘bridge’ transforming τ -group tangent-
space superindices (A,B) into λ-group ones (A˘, B˘), distinguished by ‘breved’ superindices. In
the analytic frame covariant quantities are those having only the latter type of tangent-space
indices; and we shall only use such quantities, using as many ϕ’s as are required in order to
convert τ -transforming indices into λ-transforming ones; as for D+A above.
The negatively charged covariant derivatives D−A , consistently with (24), contain derivatives
with respect to all the new coordinates:
D−
A˘
= −eM
A˘
∂−hM + e
−−M
A˘
∂+hM + ω
−
A˘
, (29)
where eM
A˘
is another neutral supervielbein with components
eM
A˘
= −(ϕ−1)A
A˘
D−Az
M+
h , (30)
(the minus sign is chosen so as to have eM
A˘
= δM
A˘
in the flat limit) and the doubly-negatively
charged supervielbein is defined by
e−−M
A˘
= (ϕ−1)A
A˘
D−Az
M−
h . (31)
The harmonic derivative, in the central frame a partial derivative, D++ = ∂++, acquires both
vielbeins and connections in the analytic frame:
∂++ → D++ = ∆++ + ϕ−1[∆++]ϕ = ∆++ + ω++, (32)
where the connection is realised as an su(N |2) matrix with ‘breved’ indices,
(ω++)B˘
A˘
= (ϕ−1)B˘B∆
++ϕB
A˘
, (33)
and
∆++ = ∂++ +H++M+∂−hM + (z
M+
h +H
++M−)∂+hM .
The vielbeins
H++M+ = ∂++zM+h , (34)
H++M− = ∂++zM−h − z
M+
h , (35)
are chosen so as to have H++M+ = H++M− = 0 in the flat limit.
From the covariance of the covariant derivatives D±
A˘
,D++ under the transformations (23,24),
we obtain the following transformation rules for the harmonic superspace supervielbeins
δfM
A˘
= fN
A˘
∂+hNλ
M− + λB˘
A˘
fM
B˘
, (36)
δeM
A˘
= eN
A˘
∂−hNλ
M+ + λB˘
A˘
eM
B˘
, (37)
δe−−M
A˘
= −eN
A˘
∂−hNλ
M− + e−−N
A˘
∂+hNλ
M− + λB˘
A˘
e−−M
B˘
, (38)
δH++M+ = ∆++λM+, (39)
δH++M− = ∆++λM− − λM+ . (40)
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4 The super self-duality equations for analytic frame superfields
We now examine the system (20) in an analytic frame, with covariant derivatives D±
A˘
,D++
taking the forms
D+
A˘
= fM
A˘
∂+M
D−
A˘
= −eM
A˘
∂−M + e
−−M
A˘
∂+M + ω
−
A˘
D++ = ∂++ +H++M+∂−hM + (z
M+
h +H
++M−)∂+hM + ω
++ .
Not all the supervielbein and superconnection fields in these covariant derivatives above are
independent ‘dynamical’ degrees of freedom. We shall solve for the superfields in D++, which,
in a special coordinate gauge, are the only ones required for the determination of the metric. The
remaining equations are redundant, since the remaining superfields describe the same degrees
of freedom as those in D++.
For the superzweibein fM
B˘
we have from (20a) the equations
fN
[A˘
∂+hNf
M
B˘)
= 0. (41)
The vanishing of the supertorsion coefficients of ∂−hM in (20c) and (20b), respectively, requires
the vielbeins eM
A˘
and H++M+, respectively, to be analytic:
D+
A˘
eM
B˘
= 0, (42)
D+
A˘
H++M+ = 0, (43)
The vanishing of the supercurvature in (20b) yields a further analyticity condition; for the
connection ω++,
D+
A˘
ω++ = 0. (44)
The solution of this equation is however not independent of the solution of the previous two
analyticity conditions; the equation
−D++eM
A˘
−D−
A˘
H++M+ = 0, (45)
which is a consequence of the vanishing of the supertorsion coefficients of ∂−hM in (20d), provides
an important constraint amongst the three analytic superfields eM
B˘
,H++M+ and ω++. Further,
these superfields determine H++M− in virtue of the equation
D++fM
A˘
= D+
A˘
H++M− , (46)
which arises from the requirement of the vanishing of the supertorsion coefficients of ∂+hM in
constraint (20b).
In order to solve (20) it suffices to solve the set of equations (41-46). The remaining equations
from (20) are conditions determining consistent expressions for the superfields e−−M
B˘
and ω−
A˘
,
which represent equivalent degrees of freedom and are therefore redundant (see [1]). The super-
field e−−M
A˘
is determined by the equation following from the equality of the coefficients of ∂+hM
in (20d), namely,
D++e−−M
A˘
= −fM
A˘
+D−
A˘
(H++M− + zM+h ). (47)
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The vanishing of supertorsion coefficients of ∂+hM in (20c) yields
D+
A˘
e−−M
B˘
= D−
B˘
fM
A˘
, (48)
which together with the condition obtained from the requirement that the antisymmetric part
of the supercurvature in (20c) vanishes, i.e.
D+
[A˘
ω−
B˘)
= 0, (49)
determine ω−
B˘
, which satisfies the final equation contained in (20), viz. the vanishing of super-
curvature in (20d),
D++ω−
A˘
−D−
A˘
ω++ = 0, (50)
automatically, in virtue of (47).
5 The ‘Frobenius’ gauge
The set of fields satisfying the system of equations listed in the previous section possesses the
large class of gauge invariances ((36)-(40)). We are therefore free to choose local coordinates
partly fixing these gauge degrees of freedom. In a particularly remarkable coordinate system,
eqs.(41-46) actually becomes manifestly soluble.
Consider the supertorsion constraint (20a), which essentially says, by Frobenius’ integrability
theorem, that D+
A˘
is gauge-equivalent to the partial derivative ∂+
A˘
.
Now, since eM
A˘
is analytic (42), the gauge invariance (37) with analytic parameter λA˘
B˘
, allows
us to choose coordinates zM+h such that e
M
A˘
is also an identity matrix. We therefore have a
coordinate gauge in which both superzweibeins fM
A˘
, eM
A˘
are identity matrices:
fM
A˘
= δM
A˘
, eM
A˘
= δM
A˘
. (51)
In this special ‘Frobenius’ gauge the distinction between world and tangent indices has evi-
dently been eliminated and only the set of supervielbein and connection fields {H++M±, e−−M
A˘
,
ω++, ω−
A˘
} remain, of which those contained in D++, namely {H++M±, ω++} contain all the
dynamical (geometrical) information.
In this gauge, residual gauge transformations have parameters constrained by relations from
(36,37), viz.
∂−
hA˘
λM+ + λM
A˘
= 0, ∂+
hA˘
λM− + λM
A˘
= 0.
So the residual diffeomorphism parameters λM±(z+, u) are no longer arbitrary but are con-
strained by the relations
∂−hMλ
M+ = 0, ∂+hMλ
M− = 0 ,
since the tangent parameters λM
A˘
are supertraceless. It follows that the thus constrained λM+
can be expressed in terms of an unconstrained doubly charged analytic parameter:
λM+res (z
+, u) = (−1)N∂−hNλ
[MN)++(z+, u) . (52)
These diffeomorphism parameters in turn determine the Lorentz ones, the residual tangent
transformations actually being induced by the world ones:
(λM
A˘
)res = −∂
−
hA˘
λM+res (z
+, u) (53)
9
As for the remaining λM− transformations, these have parameters:
(λM−)res = ∂
−
hNλ
M+(z+, u)zN− + λ˜M−(z+, u) (54)
where λ˜M−(z+, u) is an unconstrained analytic parameter. The remaining supervielbeinsH++M+,
H++M− and e−−M
A˘
still transform according to (39),(40) and (38), respectively, with parameters
being the residual ones (52-53).
6 The analytic frame solution
We shall now show that in the ‘Frobenius’ gauge (51) with covariant derivatives taking the form
D+
A˘
= ∂+
hA˘
D−
A˘
= −∂−
hA˘
+ e−−M
A˘
∂+hM + ω
−
A˘
(55)
D++ = ∂++ +H++M+∂−hM + (x
M+
h +H
++M−)∂+hM + ω
++ ,
the system of equations (41,42), or equivalently the super self-duality system (20) becomes
manifestly soluble. In [1] we showed that for the N = 0 case the self-dual vierbein and connection
are encoded in a single unconstrained analytic prepotential, L+4(x+h , u
±). In the supersymmetric
cases, this arbitrary datum gets generalised to a charge +4 graded–skewsymmetric supermultiplet
of analytic superfield prepotentials
L+4NM = L+4[NM)(z+h , u
±) =
(
ǫνµL+4(z+h , u
±) L+4νM (z+h , u
±)
−L+4νM (z+h , u
±) L+4(nm)(z+h , u
±)
)
.
We shall now show that such an unconstrained analytic prepotential, L+4NM , encodes the
general local solution of the self-dual supergravity equations (20).
We begin with an arbitrary analytic H++B˘+ (satisfying (43)). The relation (45) then yields an
expression for the harmonic connection which is manifestly analytic, automatically satisfying its
equation of motion (44),
ω++B˘
A˘
= ∂−
hA˘
H++B˘+. (56)
Supertracelessness of this connection yields a local expression:
H++M+ = (−1)N∂−hNL
+4MN , (57)
yielding the required unconstrained analytic prepotential, L+4MN = L+4[MN). The transforma-
tion rule (39) induces the gauge invariance
δL+4MN = ∂++λMN++ +H++[N+λM)+ + λP+∂−hPL
+4MN + ∂−hPΛ
+5MNP ,
where λMN++ are the unconstrained gauge parameters in (52) and Λ+4MNP = Λ+4[MNP ) are
parameters of pregauge invariances of (57). Unlike the N = 0 case for which only the first term
on the right survives and we may choose a ‘normal gauge’ fixing this invariance (1), for general N
it is not immediately clear how to choose a representative example within this gauge-equivalence
class of prepotentials.
Eq.(46) remains; from it we have another expression for the harmonic connection
ω++B˘
A˘
= ∂+
hA˘
H++B˘− . (58)
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Consistency of the two expressions (56,58) for ω++B˘
A˘
yields a relationship between the two
supervielbeins in D++,
∂+
hA˘
H++B˘− = ∂−
hA˘
H++B˘+, (59)
which may be solved for H++B˘− in terms H++B˘+ thus:
H++B˘− = z−Ah ∂
−
hA˘
H++B˘+ = (−1)Cz−Ah ∂
−
hA˘
∂−
hC˘
L+4BC , (60)
up to an arbitrary analytic function, which can be set to zero using the gauge freedom (40).
We can therefore determine all the required fields (H++M± and ω++) consistently, i.e. solve the
dynamical content of (20), in terms of the unconstrained (i.e. arbitrary) analytic prepotential
L+4NM . As for the N=0 case [1] , all the other equations from (20) are also indeed solved in
terms of L+4NM and determine the other analytic frame fields as functionals of L+4NM . The
proof follows that for the N = 0 case given in [1].
7 The extraction of central frame supervierbeins and super-
connections
As we have seen, the analytic prepotential L+4NM encodes all the analytic basis data. The
procedure for extracting the geometrical data (supervierbein and superconnection) in the original
central basis from some specified analytic prepotential L+4NM is as follows.
A. From (57) and (60) obtain the supervielbeins of D++:
H++N+ = (−1)M∂−hML
+4NM
H++N− = (−1)MzP−h ∂
−
hP∂
−
hML
+4NM
B. Consider (34) as equations for the holomorphic coordinates zN+h :
∂++zN+h = (−1)
M∂−hML
+4NM . (61)
Integrating these first order equations find zN+h as functions of the central frame coordinates
zN±(≡ zNau±a ) and the harmonics.
C. Having obtained zN+h , similarly solve (35),i.e.
∂++zN−h = z
N+
h + (−1)
MzA˘−h ∂
−
hA˘
∂−hML
+4NM (62)
in order to determine zN−h as a function of the central frame coordinates.
D. From (56) obtain the connection of D++:
ω++B˘
A˘
= (−1)M∂−
hA˘
∂−hML
+4B˘M , (63)
and using the results of steps B and C, express it explicitly in terms of central coordinates.
E. With the ω++ obtained in step D, solve
∂++ϕ = ϕω++, (64)
(i.e. equation (33) rewritten in the central frame) to obtain the bridge ϕ in central coordinates.
F. Using results of steps B and C evaluate the supermatrices of central coordinate partial
derivatives ∂z
M±
∂zN−
h
required for the transformation back to central coordinates.
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The above data affords the immediate construction of explicit self-dual supervielbeins and con-
nections as follows:
G. To transform the analytic frame D+M = ∂
+
M back to the central frame, we clearly need to
perform the transformation ∂+M → D
+
A = ϕ
A˘
A
∂zM−
∂zA˘−
h
∂+M . Therefore, multiply the bridge ϕ obtained
in step E with one of the supermatrices from step F, and extract the self-dual supervielbein from
the relation
Z ≡ ϕA˘A
∂zM−
∂zA˘−h
= u+aEMbAa u
−
b , (65)
using the completeness relation u+au−b − u
−au+b = δ
a
b . The left-hand-side, as a function of the
central frame coordinates {zMa = zM+u−a − zM−u+a, u±a }, is by construction bilinear in the
harmonics, so the supervierbeins EMbAa = E
Mb
Aa (z
Nc) thus constructed automatically depend only
on the customary superspace coordinates (i.e. are independent of the u’s).
H. The connection ω+A is given in terms of the bridge by the formula (21), which therefore
yields ωAa = ωAa(z
Mb), since ω+A , as a function of central frame coordinates {z
Ma, u±a }, is by
construction (see (19)) linear in the harmonic u+a.
Therefore, extract the central frame self-dual superconnection from the formula
(ω+A))
C
B = (ωAa)
C
Bu
+a = −D+Aϕ
B˘
B(ϕ
−1)C
B˘
= −ϕC˘AD
+
C˘
ϕB˘B(ϕ
−1)C
B˘
= −ϕC˘A
∂ϕB˘B
∂zC˘−h
(ϕ−1)C
B˘
= −ϕC˘A(
∂zM+
∂zC˘−h
∂ϕB˘B
∂zM+
+
∂zM−
∂zC˘−h
∂ϕB˘B
∂zM−
)(ϕ−1)C
B˘
. (66)
8 An explicit example
To conclude this paper, we illustrate the above procedure for a simple monomial example of
the analytic prepotential from which we explicitly extract the self-dual supervielbeins and su-
perconnections. Further examples will be given in a separate publication. For the purely even
case, the simplest example of prepotential is L+4 ∼ (x1+h x
2+
h )
2 corresponding to the Euclidean
Taub-NUT space. By analogy we shall consider the simple N=2 example
L+4MN =
(
gǫµν ϑ¯1+h ϑ¯
2+
h x
1+
h x
2+
h 0
0 0
)
, (67)
where g is a parameter of dimension [cm]−1. This yields
H++µ+ = gη++(σ3)
µ
νx
ν+
h = ∂
++x
µ+
h ; η
++ ≡ ϑ¯1+h ϑ¯
2+
h ,
H++i+ = 0 = ∂++ϑ¯i+h .
So ϑ¯i+h = ϑ¯
i+ = ϑ¯iau+a , the coordinates ϑ¯
i+
h are flat, and
x
µ+
h = (e
gησ3)µνx
ν+ ; η ≡
1
2
(ϑ¯1−ϑ¯2+ + ϑ¯1+ϑ¯2−). (68)
Similarly,
H++µ− = g(σ3)
µ
ν (η
++xν−h + 2ηx
ν+
h ) = ∂
++xν−h − x
ν+
h ,
H++i− = 0 = ∂++ϑ¯i−h − ϑ¯
i+
h ,
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yield ϑ¯i−h = ϑ¯
i− = ϑ¯iau−a , so all the odd coordinates are flat, and
xν−h = (e
gησ3)νµ(x
µ− + g(σ3)
ν
µx
µ+η−−) . (69)
where η−− ≡ ϑ¯1−ϑ¯2−. The inverse functions are then
xµ+ = (e−gησ3)µνx
ν+
h
xµ− = (e−gησ3)µν (x
ν−
h − g(σ3)
µ
νx
ν+
h η
−−),
(70)
since ηη−− = 0. The central coordinate partial derivatives (step F) for the transformation back
to central coordinates are therefore given by
∂xµ−
∂xν−h
= (e−gησ3)µν
∂ϑ¯m−
∂ϑ¯n−h
= δmn
∂xµ−
∂ϑ¯n−h
=
1
2
g(σ3)
µ
ρx
ρ−
h ϑ¯
+
n + g(σ3)
µ
ρx
ρ+
h ϑ¯
−
n ,
∂xµ+
∂ϑ¯n−h
=
1
2
g(σ3)
µ
ρx
ρ+
h ϑ¯
+
n
with all other elements of the supermatrices ∂z
M±
∂zN−
h
being zero. Since N = 2 for this example, we
may lower the index of the odd coordinate using the ǫ tensor thus: ϑ¯±i = ǫij ϑ¯
j±. The nonzero
components of the superconnection ω++ are
(ω++)β˘α˘ = ∂
−
hα˘H
++β˘+ = gη++(σ3)
β˘
α˘
(ω++)β˘
k˘
= D−
k˘
H++β˘+ = −g(σ3)
β˘
ρx
ρ+
h ϑ¯
+
k˘
. (71)
Solving (64), we obtain the bridge in central coordinates,
ϕA˘A =
(
(egησ3)α˘α 0
− g2(σ3e
gησ3)α˘µx
µ(+ϑ¯
−)
i δ
k˘
i
)
,
up to τ−supergauge transformations (22). The supervielbein, immediately extractable from the
formula (65), is
EMbAa =
(
δµαδ
b
a 0
− g2 (σ3)
µ
νx
ν
aϑ¯
b
j δ
m
j δ
b
a
)
(72)
and clearly describes a superspace with flat ‘body’ and non-flat ‘soul’. Evaluating the complex
structures (14), we obtain the supermatrix components
(Ik)manb = −iδ
m
n (σ
k)ab , (I
k)µaνb = −iδ
µ
ν (σ
k)ab ,
(Ik)maνb = 0 , (I
k)µanb = −i
g
2 (σ3)
µ
λ(x
λ
b ϑ¯
c
n(σ
k)ac − x
λ
c ϑ¯
a
n(σ
k)cb) .
(73)
The non-zero superconnection components, extracted from (66) are
(ωαa)
γ
i = (ωia)
γ
α = −
g
2 (σ3)
γ
αϑ¯ia
(ωia)
γ
j =
g
2 ((σ3)
γ
αx
α
a ǫij −
g
2x
γbϑ¯ibϑ¯ja) .
(74)
From this supervielbein and superconnection, the vanishing of the supertorsion may be verified
and the only nonzero components of the supercurvature tensor (18) may be found to be
R αβij = R
α
jiβ = g(σ3)
α
βǫij . (75)
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Using (12) the supercurvature components of the original non-chiral theory may now be recon-
structed:
(Wαi)
β
j = (Zji)
β
α = g(σ3)
β
αǫij , (Zij)
β
k = 2g(σ3)
β
αǫijϑ
α
k ,
all other components vanishing. We hope to return to a discussion of this curious hyperka¨hler
superspace as well as further examples in the future.
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